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ABSTRACT. A single server queueing system with service interruption due to
failure of the major/minor service unit has been studied. The job’s inter-arrival
time as well as the failure time and the repair time of the major/minor service
unit are assumed to be exponentially distributed. The arrival of the jobs to the
service facility consisting of major and minor units depends upon the state of
the server which may be either operational (partially operational) mode with
both units (only major unit) functioning well or in breakdown mode due to fail-
ure of the major unit or both units. The failure of service units may occur indi-
vidually or due to some common cause. The repair rate of the major service
unit is also affected with the state of the minor service unit. The repair of the
major unit is given pre-emptive priority over the repair of the minor unit. The
steady state queue size distribution for various states has been obtained by us-
ing generating function method. The average number of jobs in various states,
server availability etc. have been derived explicitly.

Keywords: Queue size distribution, priority, interrupted service, generating
functions, state dependent rates.

1. Introduction

In many real-life queueing systems, e.g. in computer systems, manufacturing systems
and communication systems etc., the server is subject to breakdown[1]. In such the arri-
val rate of jobs may be influenced by the status of the server which alternates stochasti-
cally between operational and failed states. Yechiali and Naor[2], and Shogan[3] devel-
oped a single server queueing model with arrival rate depending upon operational or
breakdown state of the server. Shanthikumar[4] investigated a single server queue with
general service time and operation-dependent server failure. A single-server queueing
system with general bulk service and arrival rate dependent on server breakdowns was
studied by Jayaraman[5].
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In some unreliable service systems, the server is also capable to provide service when
there is minor failure in the system although with service rate slower than that when the
system is operational in full capacity. This phenomenon is common in computer and
communication systems where processors are subject to failure and repair and provide
service with slower rate whenever one or more processors are down. Some researchers
have dealt with single server queueing model with service interruption including priori-
ties[6,7] . Recently Wartenhorst[8] studied the influence of machine breakdown and lim-
ited repair capacity on the performance of N parallel queueing system. Madan[9] ana-
lyzed a queueing system with two types of failures having pre-emptive priority to the
repair of the major failures over the minor ones. The arrival rate of customers is as-
sumed to be constant.

In this paper, we study a queueing system with a single server facility consisting of
two units; major and minor. The server is capable of operating with the major unit only
but with a slower rate than when both units are functioning well. The jobs’ arrival rate
depends upon the state of the server whether operating (normally/partially) or in break-
down state. The major  and the minor units of the system may fail individually or due to
some common cause. By inclusion of common cause failure, the model deals with more
realistic situations because there are certain external events (e.g., voltage in case of
computer systems) which may affect both units simultaneously and may result in their
failure. An analytical and explicit queue size distribution for various states by using the
generating function method is developed. The steady state mean queue lengths for vari-
ous states are also derived.

2. The Model and Assumptions

Consider a single server queueing model with interrupted service with the following
characteristics:

The system may be in any one of the following states:
(i) Normal operational state (O,O) : Both units of service facility are functioning

well.
(ii) Partially operational state (O,R) : The major unit is in operating mode whereas

the minor unit is broken down and under repair.
(iii) Failed state (R,F) : Both units are broken down and the major unit is under repair.
(iv) Partially failed state (R,O) : The major unit is broken and is under repair where-

as the minor unit is in operating mode. In this state, the system is also shut down.

Assumptions:

• The units are completely rejuvenated after each repair.
• The switch over time from one state to the other is perfect and instantaneous.
• The inter-arrival time, the service time, the failure time and the repair time are ex-

ponentially distributed.
• The repair of the minor unit is preempted whenever the major unit fails and the re-

pairman starts repair of major unit. After completing the repair of the major unit, the re-
pairman continues the repairing of the minor one at the same point where he left.
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FIG. 1. State transition diagram.

• The repairman repairs the major unit with a faster rate when the minor unit is also
non-operative.

• The failure of both units is detected immediately and perfectly.
• The jobs at the service facility are served according to the first in, first out (FIFO)

discipline.

The following notations are adopted for our model:

λ1(λ2), λ arrival rate of jobs when the system is partially (normally) operating
and in failed state respectively.

µ(v) service rate when the system is operating normally (partially).
α1(α2) failure rate the major (minor) unit.
αc common cause failure rate.
β1(β′1), β2 repair  rate of the major unit when the system is failed partially (com-

pletely) and repair rate of the minor unit respectively.
p1(n), p2(n) The steady state probability that there are n jobs in the system when

the system is operating partially and normally respectively.
q1(n), q2(n) the steady state probability that there are no jobs in the system when

the system is in partially-failed and completely-failed states respec-
tively.

It should be noted that the system states (F,R), (R,R) and (F,F) are not possible due to
the assumptions of preemptive priority to the repair of the major unit, single repairman
and instantaneous switch over from failure to repair state respectively. Figure 1 repre-
sents the steady state transition due to failure and repair of the major/minor unit irre-
spective of the number of jobs present in the system.



M. Jain54

3. The Generating Function Method

The difference equations governing the model are:

We define the following generating functions

(9)

(10)

Multiplying each of equations (1) - (8) by an appropriate power of z and summing for
n = 0, 1, ... and then using (9) and (10), we  get
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(16)

(17)

(18)

Equation (13) can be rewritten as,
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Using equations (14) and (19), we get,
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From equations (12) and (20) we have,
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Substituting values from equations (19) and (21) into equation (11), we find,
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In equation eq. (22), p2(z) is expressed in terms of two unknowns p1(0) and p2(0) and
p2(0) are determined, we can obtain expressions for Q1(z), Q2(z) and P1(z) in terms of
P2(z) by using equations (19) - (21). Now first we determine the limiting values of these
generating functions as z → 1, in terms of limz→1 P2(z) as follows;
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(27)

where;

(28)

Substituting the value of limz → 1 P2(z) from equation (27) in equations (23-25), we
get,

(29)
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(31)

In the limiting case when z → 1, the numerator and denominator of equation (22)
vanish. By applying L-Hospital rule, we compute limz → 1 P2(z) from equation (22)
which after simplification gives
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where, 
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From equations (38) and (39), we find

(41)

and

(42)

4. Mean Queue Length

Let us denote the expected number of jobs in the system when the service channel is
operating normally with both units and partially with only the major unit by LON  and
LOP respectively. Also denote the expected number of jobs in the system when the ser-
vice channel is in a failed state due to failure of both units and only the major unit by
LFC and LFP respectively. We determine the expected number of jobs in the system for
various states as follows:
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The expected number of jobs in the system,

(47)

5. Some Special Cases

(i) In case of identical arrival, failure and repair rates, i.e., when λ1 = λ2 = λ1 α1 = α2
= α1 β1 = β′1 = β2 = β1 equations (38) and (39) reduce to
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(ii) When there is no common cause failure (i.e. αc = 0), equations (47-49) and equa-
tions (50-53) of case (i) coincide with the results as obtained by Madan[9] (see his equa-
tions (34) and (33) respectively).

The fraction of time for which the server is operational (normally or partially) is giv-
en by
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The fraction of time for which the server is failed (completely or partially) is given
by

(55)

Conclusion

An analytical and explicit solution for single server queue with varying rates and ser-
vice interruption due to failure of the major as well as the major and the minor service
units is developed. Our model generalizes Madan’s[9] model by incorporating common
cause failure and arrival rates of jobs dependent upon server’s state. We have also in-
cluded state dependent repair rate for the major unit so that the considered model can be
fitted to more realistic situations where the repairman works with a faster rate in order
to restart the interrupted repair of the minor unit.
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